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Abstract. In this paper we study the shape characteristics of a polymer chain in a
good solvent using a mesoscopic level of modelling. The dissipative particle dynamics
simulations are performed in the 3D space at a range of chain lengths N . The
scaling laws for the end-to-end distance and gyration radius are examined first and
found to hold for N ≥ 10 yielding reasonably accurate value for the Flory exponent
ν. Within the same interval of chain lengths, the asphericity, prolateness, size ratio
and other shape characteristics of the chain are found to become independent of N .
Their mean values are found to agree reasonably well with the respective theoretical
results and lattice Monte Carlo simulations. Broad probability distributions for the
shape characteristics are found resembling in form the results of lattice Monte Carlo
simulations. By means of analytic fitting of these distributions the most probable
values for the shape characteristics are found to supplement their mean values.
PACS numbers: 00.00, 20.00, 42.10
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1. Introduction
Universal scaling laws for the dimensional properties of flexible polymer chain in a good
solvent, such as the end-to-end distance Re and the gyration radius Rg, are well explained
and understood since the groundbreaking studies by de Gennes and des Cloizeaux [1, 2].
It was found that both properties scale as
〈R2e〉 ∼ 〈R2g〉 ∼ N2ν (1)
for large enough numbers of monomersN , where the exponent ν is universal and depends
on the dimension of space d only. Besides that, the probability distribution p(Re) is also
examined in both asymoptotic regimes of small and large values of Re based on the
number of chain conformations [1, 2]. Similar arguments allowed Lhuillier to suggest an
heuristic form for the probability distribution p(Rg) as well [3].
As far as the scaling laws are also valid for a number of other characteristics of
the polymer chain, the universality and scaling properties are often treated as identical
concepts. This, however, is a misconception as far as there exist characteristics that are
universal but do not obey scaling laws. An example is given by the shape characteristics
of polymer chains that which is in the focus of this paper. These are important in
a number of applications, to mention here various catalytic activities [4, 5] and gel
chromatography [6].
The fact that the shape of a polymer coil in a good solvent is not spherical is known
since a classical work by Kuhn [7]. However, the understanding that certain shape
properties of polymer chains are universal and depend, like scaling parameters, solely
on d, is brought via the use of the renormalization group method (see, e.g. [8, 9]). These
findings were also supported by a number of numerical simulations performed on lattice
models of the self avoiding walk (SAW) [10, 11, 12, 13, 14, 15, 16, 17, 18]. One should
note that the mean values for most shape characteristics are different but nonetheless
close to their random walk (RW) counterparts. Some important implication here can
be seen in the fact that the probability distributions for most of these characteristics
are very broad and asymmetric yielding an ambiguity in the definition of their mean
values. The shape of these distributions remains to be explained in a manner similar to
the one given for their counterparts p(Re) [1, 2] and p(Rg)[3, 19].
Most of the simulation studies mentioned above use the Monte Carlo algorithm
applied to the SAW lattice model. This approach achieves very good configuration
statistics by means of relatively low computation cost. Atomistic off-lattice models, on
the other hand, allow one to include the effects of chain stiffness, chain composition,
the role of solvent, etc. in a chemical way, but at an increased simulation time cost. A
good compromise here is the use of coarse-grained approaches that combine the best of
two worlds: chemical versatility and computational efficiency. One of such approaches
is the dissipative particle dynamics (DPD) method [20, 21], that has already been used
by a number of authors [22, 23, 24, 25, 26, 27] including two of the current authors [28],
to examine the scaling properties of a polymer chain in a solvent of variable quality.
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The benefit of this approach is that it provides the means to study a number
of important problems related to microphase separation of amphi- and polyphilic
molecules, self-assembly, adsorption, etc. (see, e.g. [29, 30, 31, 32]). Macromolecular
shape plays an important role in all of the above mentioned problems. Therefore,
the validation of this approach with respect to its reliability in predicting the correct
macromolecular shape is of high practical interest.
This is exactly at the heart of the current study, were we apply DPD simulations
to the simplest case – a single chain in a good solvent. We examine the asphericity,
prolateness and a number of the other shape characteristics, as well as their probability
distributions. Besides the mean values for each of these properties, we also evaluate
their most probable values by means of fitting their probability distributions to
respective analytic expressions. The outline of the study is as follows. The simulation
approach and the properties of interest are described in Sec. 2, scaling properties and
a probability distributions analysis are covered in Sec. 3, probability distributions for
shape characteristics are discussed in Sec. 4 and conclusions are provided in Sec. 5.
2. Simulation approach and properties of interest
Our study is based on mesoscopic DPD simulations, which has two main advantages:
(i) neglecting less important properties of a system on small length- and time-scales,
and (ii) preserving hydrodynamic limits [20, 21]. A single polymer chain and an explicit
solvent are contained within a cubic simulation box with a linear size of at least 5R′g.
Here, R′g is the estimate for the gyration radius of a chain of N monomers in a good
solvent: R′g ≈ [b(N − 1)]0.59 (b ≈ 0.9 is an estimate for an average bond length as
reported in [28]). The monomers are soft beads of equal size, and each one represents
either a fragment of a real polymer chain or a few molecules of a solvent. We restrict
our study to the case of an athermal solvent, where all types of pairwise bead-bead
interactions: polymer-polymer, solvent-solvent and polymer-solvent are identical.
The monomer coordinates xi are defined in continuous space (in contrary to most
studies using the Monte Carlo method for similar studies, which, typically, are performed
on a lattice). This allows to describe the phase space of conformations by chains of
shorter length. On the other hand, the soft nature of DPD interaction prevents the
system from being caught in a metastable state (what is often observed in the case of
the molecular dynamics when atomistic potentials are applied).
We follow the DPD approach as described in Ref. [33]. The length is represented
in units of the diameter of the soft bead, and the energy scale is assumed to be
ǫ∗ = kBT = 1, where kB is the Boltzmann constant, T is the temperature and time
is expressed in t∗ = 1. The monomers are connected via harmonic springs, which
results in a force
FBij = −kxij , (2)
where xij = xi − xj and k is the spring constant. The non-bonded forces contain three
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contributions
Fij = F
C
ij + F
D
ij + F
R
ij , (3)
where FCij is the conservative force, resulting from the repulsion between i-th and j-
th soft beads, FDij is the dissipative force, that occurs due to the friction between soft
beads, and random force FRij that works in pair with a dissipative force to thermostat
the system. The expressions for all these three contributions are given below [33]
FCij =


a(1− xij)xij
xij
, xij < 1,
0, xij ≥ 1,
(4)
FDij = −γwD(xij)(xij · vij)
xij
x2ij
, (5)
FRij = σw
R(xij)θij∆t
−1/2xij
xij
, (6)
where xij = |xij |, vij = vi − vj , vi is the velocity of ith bead, a is the amplitude for
the conservative repulsive force. The dissipative force has an amplitude γ and decays
with the distance according to the weight function wD(xij). The amplitude for the
random force is σ and the respective weight function is wR(xij). θij is the Gaussian
random variable and ∆t is the time-step of the simulations. As was shown by Espan˜ol
and Warren [21], to satisfy the detailed balance requirement, the amplitudes and weight
functions for the dissipative and random forces should be interrelated: σ2 = 2γ and
wD(xij) = [w
R(xij)]
2.
The system is soft repulsive and is kept together by an external pressure to provide
the required density, which corresponds to a liquid state. In these simulations the
following numeric values are used: a = 25 for all pairs of interacting beads, γ = 6.75,
σ =
√
2γ = 3.67 and the time-step ∆t = 0.04. The duration of all runs (each performed
for a different chain length N = 5− 40) was fixed at 8 · 106 DPD steps.
Here and thereafter we consider the case of space dimension d = 3 only. All shape
characteristics of a chain are derived from the components of the instantaneous gyration
tensor Q defined as in [34, 35]:
Qαβ =
1
N
N∑
n=1
(xαn −Xα)(xβn −Xβ) α, β = 1, 2, 3. (7)
Here, N is the number of monomers of a chain, xαn denotes the set of the Cartesian
coordinates of nth monomer center: xn = (x
1
n, x
2
n, x
3
n), and X
α = 1
N
∑N
n=1 x
α
n are the
coordinates of the center of mass for the chain. Its eigenvectors define the axes of a
local frame of a chain and the mass distribution of the latter along each axis is given
by the respective eigenvalue λi, i = 1, 2, 3, respectively. The trace of Q is an invariant
with respect to rotations and is equal to an instantaneous squared gyration radius of
the chain
R2g = TrQ = 3λ¯. (8)
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Here, the average over three eigenvalues, λ¯, is introduced to simplify the following
expressions.
The instantaneous asphericity A (sometimes also referred to as “the relative shape
anisotropy”). The prolateness S and size ratio g are defined as [10, 17, 18, 16]
A =
1
6
∑3
i=1(λi − λ¯)2
λ¯2
, S =
∏3
i=3(λi − λ¯)
λ¯3
, g =
R2e
R2g
, (9)
where Re is the magnitude of the end-to-end vector Re = xN − x1. A spherical shape
is characterised by A = S = 0, whereas for a non-spherical one it is: 0 < A < 1
and 0 < S < 2 (for prolate shape) and −1/4 < S < 0 (for oblate shapes). To define
the remaining shape characteristics we follow Ref. [16]. To this end we introduce the
following triplet of vectors: r1, r2 and r3. Here r1 ≡ Re, r2 is the component of the
vector xN/2−x1 perpendicular to r1, whereas r3 is the component of the vector xN/4−x1
perpendicular to both r1 and r2. For more details, see e.q. Fig. 1 in Ref. [16]. On a
technical note, for the case of a non-integer N/2 (or N/4), the vector xN/2 (or xN/4) was
chosen via interpolation between the vectors xn and xn+1 for the adjacent monomers,
where n = int(N/2) [or n = int(N/4)]. The magnitudes of r1, r2 and r3 are denoted as
r1, r2 and r3, respectively. Then, the ratios
r12 =
r1
r2
, r13 =
r1
r3
(10)
are evaluated at each time instance.
In real experiments one observes shape characteristics of polymer chains averaged
over a sample and over time trajectory. The same can be done in the course of the
DPD simulation study. We will denote this hereafter as 〈 · · · 〉. Let us note that all
expressions [Eqs. (9) – (10)] contain these ratios. Therefore, the averaging can be
performed in two ways: as a ratio of the averages or, alternatively, as the average of the
ratios, both ways are used in the literature [10, 12, 17, 18, 16]. The former definition
leads to the first set of the averages:
Aˆ =
1
6
〈∑3i=1(λi − λ¯)2〉
〈λ¯2〉 , Sˆ =
〈∏3i=1(λi − λ¯)〉
〈λ¯3〉 , gˆ =
〈R2e〉
〈R2g〉
, (11)
rˆ12 =
〈r1〉
〈r2〉 , rˆ13 =
〈r1〉
〈r3〉 , (12)
whereas the latter definition yields a second set of averages:
〈A〉 = 1
6
〈∑
3
i=1(λi − λ¯)2
λ¯2
〉
, 〈S〉 =
〈∏
3
i=1(λi − λ¯)
λ¯3
〉
, 〈g〉 =
〈
R2e
R2g
〉
, (13)
〈r12〉 =
〈
r1
r2
〉
, 〈r13〉 =
〈
r1
r3
〉
. (14)
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Figure 1. (a) Log-log plot for the average eigenvalues 〈λα〉 of the gyration tensor, the
squared gyration radius 〈R2g〉 and the squared end-to-end distance 〈R2e〉. (b) the same
for the average values of asphericity and prolateness nominators and denominators as
defined in Eq. (16). N is the number of monomers per chain. Note, that different
angles, observed for the two sets of curves in this figure are due to the fact that scaling
of Anom and Aden is governed by the exponent 4ν, whereas that of Snom and Sden – by
6ν, see Eq. (18).
3. Shape characteristic: scaling and the mean values
The scaling laws (1) for the polymer chain in a good solvent modelled by means of the
DPD method have previously been discussed in detail [28]. Therefore, we will recall
these rather briefly here. In particular, as indicated in Fig. 1 (a), at N ≥ 10 both 〈R2g〉
and 〈R2e〉 obey the expected scaling laws (1) reasonably well yielding an estimate for
the Flory exponent falling into the interval of 0.58 < ν < 0.6. This is centered around
the best known estimate, ν = 0.588, obtained by means of the renormalisation group
approach [8].
As far as the asphericity A and the prolateness S of a polymer chain are defined
via combinations of eigenvalues λα of the gyration tensor Q [see, Eq. 9], the scaling
properties of λα are also of much interest. Such an analysis for the case of the SAW was
performed first in Ref. [36] using lattice MC simulations. It has been demonstrated that
the eigenvalues λα obey the same scaling laws as the traditional global observables, i.e.
Re and Rg
〈λα〉 ∼ N2ν , α = 1, 2, 3, (15)
and that the corrections to scaling for the eigenvalues are different but have the same
sign as their counterparts for Rg. In our DPD simulations we also find that λα obey the
same scaling laws as Rg, see, respective legends in Fig. 1 (a). The respective exponents
ν for each eigenvalue, obtained via linear fit of the data for N ≥ 10, are indicated in the
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same figure and are found to be within the interval 0.574− 0.592. This spread of values
must be attributed to different magnitudes of the correction to scaling terms [36, 28] in
each case. These terms are not accounted for in the current study, as far as accurate
values for ν are not the primary goal of this study. Therefore, within the accuracy
of our simulations, one may state that the same scaling properties are obeyed by all
eigenvalues λα of the gyration tensor Q. This can be interpreted as an isotropicity of
the self-similarity properties of a polymer chain.
Due to this statement, and given the definitions for A and S (9), these shape
characteristics are expected to be independent of N . To have an additional numerical
confirmation for this to hold, we consider the respective nominators and denominators
Anom =
3∑
i=1
(λi − λ¯)2, Snom =
3∏
i=3
(λi − λ¯), (16)
Aden = 6λ¯
2, Sden = λ¯
3, (17)
denoted here as “nom” and “den”. Taking into account Eq. (15), one expects the
following scaling behaviour
〈Anom〉 ∼ 〈Aden〉 ∼ N4ν , 〈Snom〉 ∼ 〈Sden〉 ∼ N6ν . (18)
The data shown in Fig. 1 (b) indicates that this scaling behaviour holds well for N ≥ 10
for all four properties defined in Eq. (16) yielding the values of the Flory exponent ν
(see the figure) consistent with their counterparts for Rg and λα shown in Fig. 1 (a).
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 Aˆ
 Sˆ
 0.4
 0.5
 0.6
 4  8  16  32
N
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0.529
(b) 〈A〉
〈S〉
Figure 2. (a) Dependence of the average values Aˆ and Sˆ on N . (b) The same for 〈A〉
and 〈S〉. Dashed lines indicate the interval of the averaging for evaluating the final
mean value.
As a consequence of this, the average values Aˆ, Sˆ, 〈A〉 and 〈S〉 all demonstrate
a weak dependence on N for N ≥ 10, as shown in Fig. 2. The final mean values for
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these characteristics are, therefore, obtained by averaging the data within an interval
10 ≤ N ≤ 40, as indicated by dashed lines in both frames of this figure.
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(b)
〈g〉
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Figure 3. (a) Dependence of the average values gˆ, ˆr12 and ˆr13 on N . (b) The same for
〈g〉, 〈r12〉 and 〈r13〉. Dashed lines indicate the interval of the averaging for evaluating
the final mean value (where applies).
The situation is markedly different for other shape characteristics, where essential
N dependence is observed, see Fig. 3. The values for gˆ and 〈g〉 demonstrate steady
monotonic growth within the whole interval 5 ≤ N ≤ 40 considered in this study. rˆ13
and 〈r13〉 stabilize more or less only at 20 ≤ N ≤ 40, where the estimate for an average
is made. The interval for rˆ12 and 〈r12〉 is a slightly broader: 14 ≤ N ≤ 40.
The mean values for the shape properties defined in Eqs. (11)-(14) and evaluated
in our study as discussed above, are collected in column DPD of Table. 1. Here, we
also list the results obtained for SAWs by means of other methods, namely, the direct
renormalisation approach [RG (DR)] and Monte Carlo studies (MC), as well as the
respective values for the case of random walks (RW). Let us consider Aˆ and Sˆ first. One
should note that the previous results reported for these characteristics for the case of
the SAW, are found to be very close to their counterparts for the RW case. Therefore, a
high accuracy is needed to distinguish between both sets unambiguously. In our case of
an off-lattice DPD simulations with explicit solvent, this would be very computationally
demanding. Nevertheless, within the accuracy limitation of this study, the values found
for both Aˆ and Sˆ agree reasonably well with the best respective estimates made for the
case of SAWs. For the case of 〈A〉 and 〈S〉, the difference between the respective values
for SAW and RW are more essential. We find reasonably good agreement between our
results and other data for SAW in as demonstrated in Fig. 3.
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SAW RW
property DPD RG MC MCf
(DR)
Aˆ 0.540 0.529a 0.546c 0.54725 0.526c
Sˆ 0.896 0.893a 0.91331 0.887a
gˆ > 6 6.258d 6.249b 6a
rˆ12 2.641 2.546
rˆ13 6.092 5.657
〈A〉 0.426 0.415b 0.431b 0.43337 0.394e
〈S〉 0.529 0.541b 0.54474 0.475b
〈g〉 ≤ 6
〈r12〉 4.098
〈r13〉 9.540
A¯ 0.418 [G]
0.390 [L]
0.386 [L′]
g¯ 5.333 [G]
5.444 [L]
r¯12 1.578 [L]
r¯13 3.763 [L]
Table 1. The results for mean values of asphericity Aˆ, 〈A〉, prolateness Sˆ, 〈S〉 and
size ratios gˆ, 〈g〉, ˆr12, 〈r12〉, ˆr13, 〈r13〉 defined according to Eqs. (11)-(14) and their
respective most probable values A¯, g¯, r¯12 and r¯13. The abbreviations stand for: random
walk (RW), self avoiding walk (SAW), lattice Monte Carlo (MC), direct renormalization
(DR), dissipative particle dynamics (DPD) (this work). Shorthands for citations: a
[10], b [12], c [13], d [14], e [15], f [17]. Data obtained via fits by Eqs. (21), (22) and
(23) are denoted as [G], [L] and [L′], respectively.
4. Shape characteristics probability distributions
It has been observed before [13, 12, 37, 36, 17, 18] that the probability distributions of
the shape characteristics of a polymer chain are broad and skewed. This is true for both
cases of the RW and SAW and “ implies that any description of the shapes of random
walks which is based only on mean values of related magnitudes is incomplete” [37].
One of the ways to extend the analysis of the shape characteristics is to complement the
mean values by additional characteristic values obtained from the respective probability
distributions.
Before we proceed to the probability distributions for the shape characteristics, let
us check known asymptotics for the distributions of the end-to-end distance and the
gyration radius. To this end we introduce respective reduced properties
R∗e =
Re
〈Re〉 , R
∗
g =
Rg
〈Rg〉 . (19)
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p(R
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(a)
data
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 1  1.2  1.5  2  2.5
-
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0[p
(R
* e
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R*e
(b)
C=1.0
C=1.7
C=4.0
C=10.0
SAW, R*e → ∞
Figure 4. Probability distribution p(R∗e) for reduced end-to-end distance R
∗
e . (a)
log-log plot for fitting the asymptotics at R∗e → 0. (b) Double log plot for fitting the
asymptotics at R∗e ≫ 0 built for various trial constant C, see Eq. (20) and the text for
more details.
As has been shown in [1, 2], the probability distribution p(R∗e) has the following
asymptotics:
p(R∗e) ≈

 A(R
∗
e)
γ−1
ν , at R∗e → 0,
C exp
[
−(R∗e)
1
1−ν
]
, at R∗e ≫ 0.
(20)
where A and C are (non-universal) constants, and γ ≈ 1.16. We built a single cumulative
histogram for the probability distribution p(R∗e) based on simulation data within a
scaling regime, i.e. 10 ≤ N ≤ 40. To examine its asymptotics at R∗e → 0, it was plotted
in a log-log scale, see Fig. 4 (a). The γ−1
ν
power law is displayed via dashed line and is
marked as R∗e → 0 label. It holds approximately but suffers from somewhat insufficient
accuracy near the tail of the distribution (where the statistics is the poorest). However,
one also observes a large region of R∗e values where another power law holds well, namely
(R∗e)
g′ with g′ ≈ 2. To check for the asymptotics of p(R∗e) at R∗e ≫ 0, the logarithm of
the histogram p(R∗e) is plotted now scaled by the factor C. As this factor is not known
a priori, we plotted a family of curves using various values for C, see Fig. 4 (b). All
curves converge to the exponential asymptotics in Eq. (20), which is shown in the figure
via a dashed black line. One may conclude therefore that the known asymptotics for
the probability distribution p(R∗e) are adequately reproduced in our simulations.
One should note that the asymptotic regimes (20) are observed rather at extreme
values of R∗e. Therefore, it is of interest whether or not the probability distribution
p(R∗e) can be fitted via appropriate analytic expressions reasonably well within a whole
interval of R∗e values. The form for p(R
∗
e), as seen in Fig. 5, appears to be weakly
asymmetric. Therefore, one of the obvious analytic expressions to apply is a generalised
Gaussian one
pG(x) = A exp
[
−
(
x− x0
σ0
)δ]
, x¯ = x0. (21)
Here and thereafter, the most probable value is denoted as x¯. This fit is marked as [G] in
Universal shape characteristics 11
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(c) data
[G] R¯e=0.955, δ=2.226[L] R¯e=0.924, ε1=0.816, ε2=3.412
Figure 5. Probability distribution p(R∗e) and the results of fits according to Eq. (21)
(marked as [G]) and Eq. (22) (marked as [L]). The parameters of fits are shown in a
figure.
Fig. 5 and yields the exponent δ = 2.226 and the most probable value of R¯e = 0.955. One
should remark that this fit closely resembles a standard Gaussian distribution (achieved
for parameters values δ = 2 and R¯e = 1). Another choice can be terms of a Lhuillier-like
form (for more details, see below)
pL(x) = B exp
[
−
(x′
x
)ǫ1 − ( x
x′
)ǫ2]
, x¯ = x′
(ǫ1
ǫ2
) 1
ǫ1+ǫ2 . (22)
This fit is marked as [L] in Fig. 5 yielding ǫ1 = 0.816, ǫ2 = 3.412 and R¯e = 0.924. One
may conclude that the values for R¯e obtained in both fits are very close to the mean
value for the scaled end-to-end distance which is equal to one.
Most studies on probability distributions of shape characteristics of polymer
chains are undertaken for the case of a Gaussian chain, which mimics the RW
[34, 35, 38, 39, 40, 37, 41]. In this case the analytic evaluation is possible, as well
as the 1/d expansion, all leading to certain analytic expressions for the probability
distributions p(λα) and, in some cases, for p(A) [37, 41]. On the other hand, in most
studies that address such probability distributions for the SAW case [12, 17, 18, 16], the
authors mainly concentrate on broad shapes of such distributions and compare these
with their counterparts for the RW. While an analytic solution for the SAW is not
available , there are several indirect options suggesting certain analytic expressions for
the probability distributions of interest. One path is suggested by Sciutto [36], where
the chi-squared form of the distributions p(λα) are obtained analytically for the RW is
transferred to the SAW case with the different set of parameter values. While the result
is very satisfactory for the eigenvalues ratios λα/λβ, the probability distributions p(A)
and p(S) are not fitted accurately.
Another approach has been suggested by Lhuillier [3], where the empirical form
(22) has been deduced for the probability distribution p(R∗g). In particular, the authors
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p(R
* g)
R*g
data
[L] R¯g = 0.906  ν = 0.601
Figure 6. Probability distribution p(R∗g) and the results of a fit according to Eq. (22)
with the exponents α1 =
3
3ν−1
and α2 =
1
1−ν
. Most probable value and Flory exponent
ν as the result of a fit are shown.
consider statistical weights for extreme cases of collapsed (R∗g → 0) and highly stretched
(R∗g ≫ 1) conformations resulting in the form (22) for the probability distribution p(R∗g).
Both exponents α1 =
3
3ν−1
and α2 =
1
1−ν
are found to depend solely on the Flory
exponent ν (for the three-dimensional case). This, therefore, opens up a possibility
to have another independent estimate for the exponent ν performing a fit of p(R∗g)
obtained in simulations to the form (22) taking into account the expressions for α1 and
α2 as functions of ν. Applying this analytic expression (22) to our simulation data we
find it to work extremely well, see Fig. 6, yielding the estimate ν = 0.601 for the Flory
exponent. It is consistent with previous estimates provided in Figs.1 and 2. The most
probable value is R¯g = 0.906 which deviates for about 10% from the mean value equal to
one, as the result of an essential asymmetry of the distribution. Due to this asymmetry,
the fit used in Eq.(21) makes essentially no sense.
 0  1  2  3  4  5  6  7  8
p(x
)
x
(a) x=λ1
x=λ2
x=λ3
x=R2g
 0  0.5  1  1.5  2  2.5  3  3.5
p(x
)
x
(b)
x=λ*1
x=λ*2
x=λ*3
x=[R*g]2
Figure 7. Probability distributions for the eigenvalues λα and squared radius of
gyration Rg. (a) Distributions for unscaled variables. (b) Distributions for scaled
variables, x∗ = x/〈x〉.
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In a further approach, one may consider the probability distributions for the
eigenvalues λα of the gyration tensor Q shown in Fig. 7 (a). For the sake of comparison,
we also display the probability distribution for their sum, which is equal to R2g. One
should note an increase width of the distributions corresponding to an increase of
respective eigenvalues λ1 > λ2 > λ3. This fact has been already discussed in a number
of studies [12, 17, 18, 16]. Another important point whether or not the probability
distributions for their scaled counterparts λ∗α = λα/〈λα〉, α = 1, 2, 3 can be mapped
onto a single master curve has not discussed so far, except for the case of the RW [34].
There the distributions p(λ∗α) are found not to coincide. Our respective simulation data
are displayed in Fig. 7 (b), from which it appears that: (i) the probability distributions
p(λ∗2), p(λ
∗
3) and p[(R
∗
g)
2] overlap very closely with little or none deviation, and (ii) while
p(λ∗1) does not. Currently, we do not have single physical explanation for point (i) but
point (ii) can be explained easily. Let us go back to Fig. 7 (a). In a limit of a highly
stretched chain one has λ2, λ3 → 0 and R2g ≈ λ1 ≥ 1. Hence, at large enough R2g and λ1,
their respective distributions should overlap. On the other hand, in a most probable,
coil state, the contribution to R2g from λ2 and λ3 is essentially non-zero. Hence, R
2
g > λ1
and the maximum position for p(R2g) is shifted to larger values as compared to that for
p(λ1), as observed in Fig. 7 (a). Due to these two requirements, the distributions p(R
2
g)
and p(λ1) can not be reduced to the same master curve by the scaling transformation
only. We find, however, that the p(λ∗1) distribution can be matched with the others by
applying a shift λ1 → λ1−〈λ2+λ3〉, which is not surprising, as it turns the shifted value
into some approximation of the Rg (this is not shown in the figure for a sake of brevity).
Nevertheless, one may report relative proximity of the probability distributions for the
scaled properties λ∗α, α = 1, 2, 3 and (R
∗
g)
2 indicating strong isotropicity of the polymer
chain along with its eigenvalues. Indeed, not only the mean values for all eigenvalues
scale by the same law [Fig. 1 (a)], but also their probability distributions do so to great
extent.
The prediction of the asymptotics for the probability distributions of the shape
characteristics similar to the way it is done by Lhuillier [3] for Rg faces severe difficulties.
Indeed, the interval of small Rg is associated with a collapsed chain, whereas that of
large Rg – to highly stretched conformations. This does not hold for the asphericity
A, where small (large) values of A contain contributions from the whole range of
conformations being spherically symmetric (asymmetric). As was shown in Ref. [36],
the form of the probability distributions p(A) and p(S) differ for the cases of SAW
and RW. Therefore, reparametrisation of the chi-squared expressions valid for a RW
do not reproduce well the respective distributions for the SAW case. In this paper we
chose another route: reparametrisation of the Lhuillier-like expression (22), heuristically
suggested for the gyration radius distribution, and its extension for the distribution of
shape characteristics.
Similarly to the cases of the Re and Rg probability distributions, we build a
cumulative probability distribution histogram for each shape characteristic based on the
simulation data for N = 10, 14, 20, 28 and 40. As was shown in Figs. 1-3, within this
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 0  0.2  0.4  0.6  0.8  1
p(A
)
A
data
[G] A¯=0.418 δ=4.158
[L] A¯=0.390 ε1=0.445 ε2=3.423
[L'] A¯=0.386 ε1=2.183 ε2=6.053
Figure 8. Probability distribution p(A) and the results of fits according to Eq. (21)
(marked as [G]), Eq. (22) (marked as [L]) and Eq. (23) (marked as [L′]). The
parameters of fits are shown in a figure.
interval of N the scaling laws follow sufficiently well and the probability distributions
are found to overlap. The study of such a cumulative histogram essentially enhances
the statistics of the analysed data.
The form of the probability distribution p(A) for the asphericity, shown in Fig. 8,
indicates a relatively low asymmetry, therefore we attempt fits using both functional
forms (21) and (22). This yield the following exponents: δ = 4.158, ǫ1 = 0.445 and
ǫ2 = 3.423 and the most probable values A¯ = 0.418 and 0.390 for pG(A) and pL(A),
respectively. The fit via Lhuillier-like form follows the shape of p(A) more closely. An
even better approximation can be achieved by using the extended Lhuillier-like form
p′L(x) = C exp
[
−
(x1
x
)ǫ1 − ( x
x2
)ǫ2]
, x¯ =
(
xǫ11 x
ǫ2
2
ǫ1
ǫ2
) 1
ǫ1+ǫ2 . (23)
In this case the exponents are: ǫ1 = 2.183 and ǫ2 = 6.053 and the most probable value
for the asphericity is A¯ = 0.386. This is very close to the one obtained with the (22)
form. The most probable values A¯ are added to Tab. 1 and one notes that the value
obtained from the fit (21) is close to the average value 〈A〉, whereas both values obtained
via fits (22) and (23) are closer to the asphericity of a RW.
The prolateness S, as already mentioned above, distinguish es between the oblate
(S < 0) and prolate (S > 0) conformations of a chain. The shape of its probability
distribution, p(S), is also markedly different in these two intervals of S values, see
Fig. 9. We were unable to fit it by a single analytic form but instead opted for two
separate fits, at S < 0 and S > 0
p(S) =


A(S + 0.25)β, S < 0,
B exp
[
−
(
x
x0
)ǫ2]
, S > 0.
(24)
The analytic form used for S > 0 can be attributed to a limit case of both Eq. (21) (at
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p(S
)
S
data
[P] (S+0.25)2.291
[G,L] ε2=2.642
Figure 9. Probability distribution p(S) and the results of a fit according to Eq. (24).
The parameters of a fit are shown in a figure.
x0 = 0) and of Eq. (23) (at x1 = 0), therefore this fit is marked as [G, L
′ or L] in Fig. 9.
One can not define the most probable value S¯ for the prolateness from a fit (24).
 0  2  4  6  8  10  12  14
p(g
)
g
data
[G] g¯=5.333 δ=2.235
[L] g¯=5.444 ε1=0.439 ε2=4.533
Figure 10. Probability distribution p(g) and the results of fits according to Eq. (21)
(marked as [G]) and Eq. (22) (marked as [L]). The parameters of fits are shown in the
figure.
The probability distribution p(g) for the size ratio g is shown in Fig. 10. It is fitted
similarly to the p(A) distribution, via analytic forms (21) and (22). This yields the
respective exponents δ = 2.235, ǫ1 = 0.439 and ǫ2 = 4.533. The most probable values
are g¯ = 5.333 and 5.444, respectively. One should note that other approaches evaluate
the gˆ value only which is equal to 6 for the RW and is found to be larger that 6 for
the SAW (see, Tab. 1). It is evident from Fig. 3 that reliable estimates for both gˆ and
〈g〉 require the use of a polymer chain longer than N = 40 (maximal length used in
this study) and, therefore, can not be provided within this study. Therefore, the most
probable values g¯ obtained here do not have any counterparts to be compared with and
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can serve as an indication of high asymmetry of the p(g) distribution only.
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p(r
12
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r12
data
[L] r¯12=1.578 ε1=ε2=1
 0  5  10  15  20  25  30
p(r
13
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data
[L] r¯13=3.763 ε1=ε2=1
Figure 11. (a) Probability distribution p(r12) and the results of a fit according to
Eq. (22) with fixed ǫ1 = ǫ2 = 1 (marked as [L]). (b) The same for p(r13). The
parameters of fits are shown in the figure.
The probability distributions p(r12) and p(r13) appear to be of a similar, highly
asymmetric form, see Fig. 11 (a) and (b). Both were preliminarily fitted by the general
expression (22) yielding the exponents ǫ1 and ǫ2 close to 1. Therefore, in the final fits
we set ǫ1 = ǫ2 = 1 and obtain the following estimates for the most probable values:
r¯12 = 1.578 and r¯13 = 3.763, the fits are shown in Fig. 11. These values differ about
2.5−3 times from their counterparts 〈r12〉 and 〈r13〉 (see, Tab. 1) due to high asymmetry
of respective distributions.
5. Conclusions
Here we have analysed the shape characteristics of a coarse-grained polymer chain in a
good solvent using DPD simulations. One of the aims was to check the universality of
the properties not directly connected to the scaling power laws. In this respect we here
evaluated the shape characteristics which can be seen as counterparts of the universal
critical amplitude ratios in critical phenomena.
As far as the simulations employ an off-lattice model for the polymer chain and an
explicit solvent, these are more computationally intensive than their lattice Monte Carlo
counterparts and can not match the latter in numerical accuracy. However, using this
simulation technique, one bridges the gap to a large number of studies targeted on at self-
assembly of various amphi- and polyphilic systems and to the flow-driven phenomena
on the nanoscale. Hence, according to our aim, we rather focus on a qualitative analysis
of the mean and most probable values for the shape characteristics, as well as on the
form of their probability distributions. Therefore, no rigorous analysis of the numerical
errors was performed and these are not displayed in the figures or in the table of results.
The origin our analysis is a study of the scaling properties of the gyration tensor
components. We find that, for chain lengths N ≥ 10, not only the end-to-end distance
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and gyration radius, but also all three eigenvalues of the gyration tensor scale with
the same power law. The Flory exponent ν obtained for each of these properties
independently, within the accuracy of the simulations, is close to the best theoretical
estimate ν = 0.588. Based on the analytic expressions, the shape characteristics of the
chain are expected to be independent of N in the same interval of chain lengths. This
has been checked by plotting each of them against N .
The mean values for the shape characteristics were evaluated by averaging their
respective values obtained for chain lengths of N = 10, 14, 20, 28 and 40. The
mean values for the asphericity and prolateness are found to compare well with the
respective results obtained by means of other approaches, whereas the shape anisotropy
requires simulations of longer chains. The averaging procedure for these properties,
however, is found to be rather ambiguous, as the probability distributions for all
shape characteristics are wide and many are highly asymmetric. Therefore, alongside
with the mean values, one may consider looking at the most probable values of each
characteristic as well. This can be performed by fitting the probability distribution for
each characteristic by certain analytic expressions and determining the most probable
value based on the positions of its maxima.
Here, we started from the analysis of the probability distributions for the reduced
end-to-end distance and the gyration radius. For the former case, the known analytic
asymptotics of Cloiseaux-de Gennes were reproduced, whereas for the latter the Lhuillier
analytic expression is found to be very accurate yielding another independent estimate
for the Flory exponent ν. The analytic expressions in both cases are based on an
analysis of the conformation statistics, which is more difficult to apply to the shape
characteristics. For the latter, we suggest heuristic analytic expressions based on
the Lhuillier form and, for the symmetric distributions, on a generalised Gaussian
distribution. This leads to simple analytical expressions with the coefficients and
exponents found from fitting the simulation data. This allows us to complement the
mean values for the shape properties by their most probable values found as the maximal
positions of the respective distributions.
The study can be interpreted as yet another validation on the appropriateness of
the use of soft coarse-grained potentials to describe the self-avoiding polymer chain. Not
only the scaling properties of the end-to-end distance and gyration radius of such chains
are in good agreement with the theoretical data, but also the mean values of the shape
characteristics and their probability distributions are found to closely mimic the results
of more accurate lattice Monte Carlo simulations.
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